THE EQUIVARIANT TODA LATTICE, II 



EZRA GETZLER 

This paper is a continuation of 0] , in which we introduced a reduction of the Toda lattice 
hierarchy (in the limit of infinitesimal lattice spacing), called the equivariant Toda lattice, 
by imposing the constraints 

(1) (5i - 8i)L = vdL, (8 X - 5i)L = vdl 

on the Lax operators L and L. This reduction is a deformation of the the Toda chain, which 
is the reduction corresponding to the constraint L = L. 

Seeking an integrable system which would describe the Gromov-Witten invariants of CP 1 , 
Eguchi and Yang [0 studied the Toda chain. They conjectured the existence in the limit of 
infinitesimal lattice spacing of an additional hierarchy of commuting flows: these flows were 



constructed independently by the author H and Zhang |10| using homological perturbation 
theory, and shown to be bihamiltonian. Recently, Carlet, Dubrovin and Zhang U have shown 
that these additional flows may be described by Lax equations involving the logarithm of 
the Lax operator L, as conjectured by Eguchi and Yang. 

In this paper, borrowing the ideas of Carlet et al., we prove that the equivariant Toda 
lattice has a Hamiltonian structure which is a deformation of the first Hamiltonian structure 
of the Toda chain. (We were however unable to find a bihamiltonian structure.) 

Acknowledgements. This paper was inspired by discussions with B. Dubrovin and Y. 
Zhang at the meeting on Frobenius manifolds at the Max-Planck-Institut fiir Mathematik, 
Bonn, and the author thanks C. Hertling, Yu. Manin and M. Marcolli for the invitation to 
participate. The author is partially supported by the NSF under grant DMS-0072508. 

I. Notation 

In this section, we recall some of the terminology of |4]] . All of the commutative algebras 
which we consider carry an involution p i— > p. By a differential algebra, we mean a 
commutative algebra with derivation d such that 

dp = dp. 

If A is a differential algebra and S is a set, the free differential algebra ^4{5'} generated by 
S is the polynomial algebra 

A[d n x,d n x \ xeS,n>0], 
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with differential d(d n x) = d n+l x. An evolutionary derivation 5 of a differential algebra 
A is a derivation such that [d, 5] = 0. 

Let A be a differential algebra over Q e , and let q G A be a regular element (that is, having 
no zero-divisors) such that q = q. The localization q~ x A of A is a differential algebra, 
with differential <9(g -1 ) = —q~~ 2 dq. Let $±(»4, g) be the associative algebras of difference 
operators 

$+(A,q) = | jr p k A k p k e q- x A, p k = for k < o|, 
$_(yU) = { £ PfcA fe p k e A, p k = for k > o|, 

with product 

£>A< • $>A> = W E (E-' /2 «.)(E i/2 %))A'. 

j j k \+j=fc ' 

Note that Q-(A,q) is in fact independent of q. 

Let A i— > A± be the projections from on <&±(A, q) defined by the formulas 

(OO \ OO / OO \ —1 

k=—oo ' + fc=0 ^fc=— oo ' — k=— oo 

We see that A = 4_ + A + . Define the residue res : $±(A, q) — > .4 by the formula 



res( ^ p fc AM =po- 

^fc=— oo ' 



For k E Z, let [&] be the isomorphism of .4 

E fc / 2 — £- k / 2 

£1/2 _ E-l/2 



pfc/2 _ p-fe/2 fe 

w = L_p-,« =E E ^" / " , =*+°( e ')- 



J'=l 

Define by the recursion 

with initial condition = f. The involution 

oo oo oo 

4= ^ p fc A fe ^ 4 = ^p fc g [fc] A- fe +p + ^p_ fc g- [fc] A fe , 

k=—oo k=l k=l 

defines an anti-isomorphism between the algebras Q+(A,q) and $-(^4, q). 
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2. The dressing operator of the Toda lattice 

Let B be the free differential algebra Q £ {q, w k \ k > 0}/(q — q), and let W be the universal 
dressing operator of the Toda lattice 



k=l 

The coefficients w* k G B of W' 1 , 

oo 

k=i 

are characterized by the recursion 

obtained by extracting the coefficient of A~ h in the equation WW^ 1 = I. 
The Lax operator of the Toda lattice is the difference operator 

oo 

L = WAW- 1 = A + a k A- k+1 G $_(£, q). 

k=l 

Since a k + eVw k lies in the differential ideal (wi, . . . ,w k -i) for all k > 0, we see that the 
sequence of elements a k of B defines an embedding of differential algebras 

A = Q e {q,a k \k>0}/(q-q)^B. 

The conjugate Lax operator L is 

oo 

L = W^iqA'^W = qA- 1 + ^ a k q~ [k - 1] A^ 1 . 

k=i 

Let B n = e- x L\ and C n = -e" 1 ^. 

We define evolutionary derivations (<5 n , <5 n | n > 0) of B by the formulas 

(2) s5 n W + L n _W = e8 n W + L n _W = 0. 

These derivations are called the flows of the Toda lattice. The action of the derivations 5 n 
and 5 n on B restricts to an action on A such that the derivatives of the Lax operator L are 
given by the Lax equations 5 n L = [B n ,L] and 5 n L = —[C n ,L]. These flows on B commute, 
by the Zakharov-Shabat equations 

$mB n 5 n B m [-B m , -B n ] , S rn C n 5 n B m [-B m , C n ], S rn C n 5 n C rn [Cm; Cn]> 

and S n is indeed the conjugate derivation to 5 n . 
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Let log(L) = W\og(A)W~ 1 , where log(A) is a formal symbol for the operator ed: namely, 
we have the commutation relation 

pog(A),/] = e0/, fe^(A,q). 

Define £ to be the difference operator 

£ = log(A) - log(L) = e(dW)W~ 1 

= e(dw k + J2(E^y 2 d Wj ) {ETi /2 wl_ 3 ) 
V j= i 

The following is a result of Carlet, Dubrovin and Zhang (They work in the context of 
the Toda chain, so they assume that a k = 0, k > 2.) 

Proposition 2.1. The difference operator £ is an element of <&-(A,q). 

Proof. Write 

oo 

£ = J2hA- k e$_(B,g). 

k=l 

We show that b k G A for all k > 0, by induction on fc. 
Define elements Pfc(^) of A by the formula 

oo 
k=— oo 

We have 

e9L = ediWKW- 1 ) = £{dW)KW~ l - eWAW- 1 (dW)W~ 1 = [£, L], 

hence for each n > 0, edL n = [£,L n ]. Applying the linear map res : &-(A, q) — > A, we 
obtain the equation 

(3) V Li)b n + Y}k]{b kPk {n)) + P Po {n) \ = 0. 

Denote by a : A — > Q e the homomorphism which sends the generators {q, a k , a k } of A 
to 0. Since a • d = 0, we see that a(dW) = 0, and hence a(£) = 0. Thus, the constant of 
integration in (^j vanishes, and we obtain the recursive formula 

1 f n ' 1 

(4) b n = -— \ Y}k]{b kPk {n)) + P Po {n) 
for the coefficients b k , showing that they are elements of A. □ 
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3. Fractional powers of the Lax operator 

In this section, we study the fractional powers of the Lax operator L; this may be compared 
with the parallel construction for the KP hierarchy due to Khesin and Zakharevich || . The 
study of these fractional powers is closely related to the operator I introduced in the last 
section. 

Let s be a complex number. The fractional power L s of the Lax operator L is defined by 
means of the dressing operator: 

oo 

(5) V = WA'W- 1 = A s + J2 a k(s)A s ' k e $-(B,q). 

k=l 

The coefficient ak(s) is given by the explicit formula 

a h (s) = E'^w, + ^(E<*-'->%) (E { - 3) "v,Ui) + E * /2 < 

3=1 

In particular, afe(O) = and Ofc(l) = a k . Differentiating the definition @ of U with respect 
to s and setting s = 0, we obtain the formula 

ds s=o 

showing that a' k (0) = —b^. The following proposition is proved by extending this differential 
equation to all values s. 

Proposition 3.1. The coefficient a^^s) in the expansion 

oo 

a k{s) = y]e % a k ,i{s) 

i=0 

is a polynomial in s of degree i + 1 with coefficients in the differential algebra 

Q{ qi a k | k > 0}/(q-q). 

Proof. By its definition, the fractional power L s satisfies the differential equation 

dU 



(6) 



-\{Ut + tU). 



ds 

Taking the coefficient of A s ~ k on both sides, we obtain the differential equation 

fc-i 



da k (s 



ds 2 . 



where we interpret ao(s) as 1. By an application of Proposition |2.1|, the result follows. □ 
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4. Perturbation theory 

Let Q(A) be the vector space of Kahler differentials of the commutative Q £ -algebra A; 
this is a free module over A with basis {dq, dak, dak I k > 0}. The differential d : A — > Q(A) 
extends to a morphism 

d : ®-(A,q) -> <8U fi(^l). 

The goal of this section is the calculation of the differentials dL s and di in terms of the 
fundamental differential 

oo 

dL = J2 da k A ~ k+1 - 

k=l 

A basic formula of perturbation theory (Kumar ||) says that for f(z) an analytic function 
of z, 

d ^ = E (FPi)! ad ( L ) fc (/ (fe+1) W^)- 

For /(z) = z s , this becomes 

oo 

(7) dL' = ^(-l)^) ad(L) fc (L- fc -ML). 

fc=0 

We will now prove this formula directly. 

For s a natural number n, the right-hand side of (0) is a finite sum, and the formula is 
then easily proved by induction on n: we have 

re-l 

d(L n+1 ) = dL n -L + L n ■ dL = X)(-l)*( fc y &&(L) k (L n - k ~ l dL) ■ L + L n ■ dL 

k=0 

n-1 

= E( _1 )*(*+i) (ad(L) fe (L n - fc dL) - ad(L) fc+1 (L"- fc - 1 rfL)) + L n ■ dL 

k=0 

n n 

= E(-l)*((3 + Gii)) ad(L) fc (L- fc rfL) = £(-!)*(£}) ad(L) fc (L"-^L). 

fc=0 A;=0 

By analytic continuation, (|7|) holds for all values of s. Indeed, the right-hand side is 
convergent in the e-adic topology, since the operation ad(L) may be split into two terms: 
ad(A + oi) = 0(e), and 



^ad(a fc A- fc+1 ) = OCA" 1 ). 



k=2 



It only remains to observe that by Theorem |3.1| , the coefficient of e l in dak^is) is polynomial 
in s. 
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It is now straightforward to calculate dl: taking the derivative of (0) with respect to s 
and setting s = 0, we see that 



oo 1 

dt = - I — I ad(L) fc (L" fc - 1 dL). 



k=Q " ^ 

5. The equivariant Toda lattice and i 

In this section, we denote the element a\ G A by v. Let K be the difference operator 

K = L + + L_ = A + v + qhT 1 e $+(A, q) n $-(A, q). 

In ||, we defined the equivariant Toda lattice by the constraints 

(9) e- 1 [K, L] = vdL, e' 1 [K, L] = udL, 

or equivalently, the constraints ([!]). We showed that the differential algebra associated to 
the equivariant Toda lattice is isomorphic to 

A = QeA z k, z k \k> 0]{q, v, v}/(udq - V(f - «)), 

where Q £iU = Q E [u], and the constants of motion Zk are the images of the elements 

p-i{k) - qpi(k) - uPpo(k) E A 

under the natural quotient map from A to A. 

Let e be the derivation d v + of A] then e(K) = 1 and 



(10) 



^ fe=i ' 



Theorem 5.1. The constraint (|9]) defining the equivariant Toda lattice is equivalent to the 
identity 

oo 

(11) K = L + v£- Y^^L- k . 

rh 

k=l 

The vanishing of the constants z k is equivalent to the constraint 

(12) (5! - 8x)W = udW, 

or equivalently, the equation (5i — Si) = vd on the differential algebra B. 

Proof. Written in terms of £, (§) becomes 

[K - u£, L] = 0. 
This is equivalent to the statement that 

K-uleQeAiL- 1 )). 
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It is not hard to see that 

oo 

(13) K - vi - L = VkL~ k G (ML"" 1 ]; 

k=l 

the constant term vanishes since, by definition, res(K) and res(L) equal v, while res(£) = 0. 

It remains to identify the constants If 5 is an evolutionary derivation of the differential 
algebra A, @ implies that 

oo _ 
k=0 

In particular, since L commutes with e(L), we see that e(£) = —L~ 1 e(L). Likewise, e(L~ k ) = 
—kL~ k ~ x . Applying the derivation e to both sides of (|13|), we see that 

1 = e (K) = e(L) (l - uL' 1 - ky k L- k -A . 

^ k=i ' 

It follows from ( ]T0| ) that y k = —Zk/k. 
We have 

(K-L- u£)W = (L+ + L_)W -LW - eudW 

= —LJW + LJM - evdW = - 5 ± - vd)W. 

Thus, the vanishing of the constants Zk in ( |TTD is equivalent to the constraint (|T2|). □ 

In we conjectured that the equivariant Gromov-Witten invariants of CP 1 are described 
by the equivariant Toda lattice with Zk = 0, k > 0. The results of this section show 
that this is true. By the work of Okounkov and Pandharipande, the equivariant Gromov- 
Witten invariants of CP 1 are associated with a r-function of the Toda lattice which satisfies 
(<5i — 5i)t = udr. The dressing operator W corresponding to this r-function is given by the 
formula 



V 71=1 ' 



it follows that W satisfies the equation (8\ — Si)W— udW. 

The other part of the conjecture of |4]], relating the equivariant Gromov-Witten flows of 
CP 1 to the flows of the equivariant Toda lattice, is established by Okounkov and Pandhari- 
pande. Namely, if dk = dk,Q and dk = dj.,Q — vdk,p, then 

\T z k+lg _ Z °n 

tl " + *")(? + *") 



k=0 n=l 

oo oo 



[n + zv) 



^ ^ i {l-zv){2-zv)...{n-zv) 
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In particular, we see that the descendent flows d k ,p of the puncture operator P are given in 
the non-equivariant limit by the formula 

(14) d ktP = \im(j k -^u' 1 (5 k+1 - 4+i) - -gc k (5 k + 8 k )), 



where c k is the harmonic number c k = l + h + -- - + T. 



>y n, — 1 J , _ 

2 ' 1 k' 

6. Hamiltonian structure 



In this section, we use Theorem |5J] to show that the equivariant Toda lattice has a 
Hamiltonian structure. 

Denote by 7Z the quotient A/dA, and denote by / i— > ffdx the quotient map from A to 
1Z. The idea which this notation is intended to represent is that an element of A is a density 
/, whose associated functional ffdx is obtained by integration with respect to the space 
variable x. 

Denote by Res the trace on $_ (A, q) with values in 1Z given by the formula 



Res( h Ak ) =ff° dx - 



x k=—oo 

Clearly, this map vanishes on total derivatives; to see that it vanishes on commutators, we 
use the formula 



Res 



There is a unique linear map 

Res : $.(A, q) ® A Q(A) -> Q(A)/dQ(A) 

such that dRes(A) = Res(eL4). 

Associated to the equivariant Toda lattice, we have the basic sequence of functionals 

h n = —^—Res(L n+1 ), n>0, 
n + 1 

with differentials dh n = Kes(L n dL). In calculating h n , the following lemma is convenient. 
Lemma 6.1. 

n 

p (n + 1) = + i\{a k +iPk{n)) 

Proof. Applying the operator res to the equations L n+1 = L ■ L n and L n+1 = L n ■ L, we see 
that 

oo 

p (n + 1) = E 1 ViM + E- fc/2 (a fc+lPfc (n)), 

k=0 

oo 

p (n + 1) = E-^ViW + E fc/2 K+iRW). 

k=0 
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Taking E 1 / 2 times the second of these equations minus E 1//2 times the first, we see that 

n 

Vp Q (n+l) = V^fc + lKajfe+iPfcH), 



fc=0 

and hence, that 



p (n + 1) = y^[fe + l](a A+ iPfe(n)) + a(p {n + 1)). 

/c=0 

This proves the lemma, since a(po(n + I)) = 0. □ 
Corollary 6.2. 

" k + 1 

^" = / > TT / (°fc+lPfc(")) ^ 

' n + 1 

fc=0 

For example, using the formulas a 2 = g + i^Pf + £i and 

a 3 = z/(P(±[2]i; 2 + g) - |v[2]Pv) + u 2 Pv - z x v + \z 2 , 

we see that 

ho — Jv dx, 



hi = J(~v + a 2 )dx = J(~v + g + vv + 



h 2 = / (|vpo(2) + |(a 2 pi(2)) + a 3 )rfa; 

= / (§v(> 2 + [2]a 2 ) + |(a 2 [2]v) + v{\v 2 + q- §v[2]Pv) + i/ 2 <u - ziv + i^dsc 
= j (|w 3 + v[2]g + v(\v 2 + q + \v[2]Pv) + z/ 2 u + z x v + ±z 2 )cfc. 

Proposition 6.3. We have Res(L n dK) = dH n , where 



n-l 



fc=i 



H n — h n — vh n -i + Zkh n -k-i- 
Proof. From (|TTD, (0) and (|j), we see that 

oo 

dK = dL + vdt - —dL~ j 



i=i 3 



= dL + J2(k + l)" 1 ad(L) fc ff-v + J2 ( j+ k k ) Zj L-A L^dA . 

k=0 ^ ^ j=l ' ' 

Multiplying by L n and applying Res, all of the terms with k > drop out, and we obtain 
Res(L n dK) = Res (Jl - v + ^ zjL'^ L^dLj , 

which equals dH n . □ 
Let 5 V and 5 U be the variational derivatives with respect to v and u = log(g). 
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Corollary 6.4. We have 5 v H n = po{n), 5 u H n = qpiin), S v H n 

S u H n = qpi{n) - vPp Q (n). 



Po(n) and 



Proof. The formulas for 5 v H n and 5 u H n follow since dK = dv + qduA . The formulas for 
S v H n and S u H n now follow by taking conjugates, bearing in mind that v = v — uPu. □ 

For example, we have 

Ho = ho = Jv dx, 

Hi = hi — vho = J {\v 2 + q + z\)dx, 

H 2 = h 2 - vhx + zth = J (|w 3 + v[2]q + ±vv[2]Pv + 1z x v - vz x + \z 2 )dx. 

It is now easy to show that the equivariant Toda lattice is Hamiltonian. Applying res to 
the equation [K, L n ] = udL n , we see that 

X7p-i(n) = V(qpi(n)) + udp (n). 

It follows that S n v = Vp_i(n) = V(gpi(n)) + udpo(n). In conjunction with the formula 
5 n u = Vpo(n), we conclude that 

Since S n v = V(gpi(n)) and S n u = Vpo(n), we also conclude that 



V 




vd 


v" 




S v H n 


u 




V 







S u H n 



V 




vd V 




5 v H n 


u 




V 




8 u H n 



In other words, the equivariant Toda lattice is Hamiltonian with respect to the Hamiltonian 
structure 

{v(x),v{y)} = ud6(x -y), {v(x), u(y)} = VJ(x - y), {u(x),u(y)} = 0. 

The relationship between the equivariant Toda lattice (with z/~ — 0, k > 0) and the 
equivariant Gromov-Witten invariants of CP 1 leads to a new proof of the Toda conjecture 
for the (non-equivariant) Gromov-Witten invariants of CP 1 . (See B for a discussion of this 
conjecture and further references.) We see that the descendent flow dk,Q is the limit of the 
flow (fc+i^ fc+i as v ~ > 0, and hence has Hamiltonian 

Likewise, by ([14]) , the descendent flow dk,p is the limit of the flow 

] j^ih+i ~ 4+i) - -gc k (5 k + 8 k ) 

as v 



(fc+i) 

0, and hence has Hamiltonian 



lim( ^ v -\H k + x -H, 



(fc+l)! 



k+1, 



JT\ C k{Hk + H k )J . 
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Let £o equal the limit as v — > of £. Since L = K — vl = K — vl§ + 0(v 2 ) and 

L = K + v£ = K + u(£ - Pu) + 0(u 2 ), 

we have 

v- 1 (H k+1 - H k+1 ) = u- 1 ^ Res(L k+2 - L k+2 ) - ^ Res(L fc+1 - L k+1 ) 

= Res{K k+1 {Pu-2£ )). 

It follows that d^p has Hamiltonian r^fu Hes(K k+1 (Pu — 2(£ + Ck))) ■ An equivalent formula 
was conjectured by Eguchi and Yang and proved by Carlet, Dubrovin and Zhang ffl. 
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